Global Anomalies and Effective Field Theory by Golkar, Siavash & Sethi, Savdeep
ar
X
iv
:1
51
2.
02
60
7v
2 
 [h
ep
-th
]  
14
 D
ec
 20
15
EFI-15-35
Global Anomalies and Effective Field Theory
Siavash Golkara,b∗ and Savdeep Sethib†
aKadanoff Center for Theoretical Physics, University of Chicago
bEnrico Fermi Institute, University of Chicago, Chicago, IL 60637, USA
December 15, 2015
Abstract
We show that matching anomalies under large gauge transformations and large
diffeomorphisms can explain the appearance and non-renormalization of couplings in
effective field theory. We focus on thermal effective field theory, where we argue that
the appearance of certain unusual Chern-Simons couplings is a consequence of global
anomalies. As an example, we show that a mixed global anomaly in four dimensions
fixes the chiral vortical effect coefficient. This is an experimentally measurable predic-
tion from a global anomaly. For certain situations, we propose a simpler method for
calculating global anomalies which uses correlation functions rather than eta invariants.
∗golkar@uchicago.edu
†sethi@uchicago.edu
1 Introduction
Among the tools at the disposal of a quantum field theorist, anomaly matching is one of
the most powerful [1]. This is the idea that an anomaly can be computed at any scale; for
example, using either ultraviolet or infrared degrees of freedom. It is particularly useful as
a way to determine specific couplings that might be required in an effective field theory to
reproduce an anomaly. In recent years, this tool has been used to study the low energy
behavior of thermal partition functions for systems with chiral anomalies. The anomalous
ward identities associated to these continuous symmetries require specific Chern-Simons
terms in the effective action. In turn, these couplings have both theoretical applications as
well as experimental consequences for various measurable response functions [2–9].
Most of the discussion of anomaly matching involves symmetry transformations which are
continuously deformable to the identity, or trivial transformation. The associated anomalies
are usually called perturbative or infinitesimal anomalies. In this work, we will be concerned
with global anomalies, which involve symmetry transformations that cannot be continu-
ously deformed to the identity; for example, either large gauge transformations or large
diffeomorphisms. The associated anomalies are sometimes called global or non-perturbative
anomalies.
The existence of a global anomaly can also require that specific couplings be present in
an effective field theory description. To date, however, there has been little discussion about
how global anomalies can be used to predict the coefficients of couplings in an effective action.
This is, in part, because of added complications that arise when dealing with global rather
than perturbative anomalies. For example, in many theories with a symmetry group that
includes large transformations, there are already anomalies under infinitesimal symmetry
transformations. This makes it difficult to write down sensible anomalous ward identities for
just global transformations. A more practical limitation is that in experimental setups, it is
difficult to construct interesting topologies that would allow one to directly probe physical
phenomena connected to large gauge transformations.
Despite these difficulties, one of us recently conjectured that the coefficient of a particular
transport phenomenon, known as the chiral vortical effect, is related to the presence of a
global anomaly [10]. This conjecture is part of the motivation for this work. In a broader
context, consider a quantum field theory compactified on a Euclidean space-time of even
dimension d with a circle fibration. Let t denote the circle coordinate and xi denote the
remaining coordinates. The metric for such a space-time takes the form,
ds2 = e2σ(x)
(
dt + ai(x)dx
i
)2
+ hij(x)dx
idxj . (1.1)
The vector-field ai is the background graviphoton. As an illustration, assume that the
field theory contains an abelian gauge-field A with field strength F = dA. Under suitable
restrictions on the space-time, one can find a Chern-Simons coupling in the d−1-dimensional
effective field theory, obtained by integrating out the t direction, of the form,∫
a ∧ F ∧ · · · ∧ F, (1.2)
1
where a = aidx
i is the graviphoton 1-form. A coupling like (1.2) is peculiar because it
involves a naked graviphoton rather than a momentum suppressed interaction involving the
spin connection, which one might expect. Explaining why this coupling appears and how
it is connected with global anomalies is a basic goal of this work. Although this example
involves a circle-fibered space-time, there is a similar story for toroidally-fibered space-times,
which are particularly useful when studying field theories in odd dimensions. For example,
the relationship between the chiral vortical effect coefficient (CVE) and global anomalies,
conjectured in [10], involves compactification on a 4-torus. This is a concrete case where the
presence of a global anomaly has experimentally measurable consequences.
A corollary of the appearance of global anomalies in local effective actions is that we can
compute the change of the action under a large gauge transformation directly via correlation
functions of local operators. In general, this is simpler than the original method of computa-
tion via an η invariant [11]. There are other advantages of this approach. For anomalies that
are computable this way, reciprocity of mixed global anomalies becomes manifest. This is the
phenomenon that, in certain cases, the presence of a gravitational anomaly in a gauge back-
ground implies the presence of a gauge anomaly in a gravitational background. This result is
clear for perturbative anomalies using the descent formalism from an anomaly polynomial,
where gauge and gravitational curvatures appear on equal footing. When such reciprocity
exists for global anomalies, it becomes manifest in the effective action approach.
The paper is organized as follows: in section 2, we give an overview of our methodology
and go over the main points of our analysis. We also give a quick review of the original
argument by Witten relating global anomalies to η invariants [11]. In section 3, we work
through a number of examples in 2, 3 and 4 dimensions. The 2-dimensional case is worked
out in considerable detail since it is central to our other examples. We also comment on how
this case can have simple generalizations in higher dimensions.
2 Global Anomaly Matching
Our argument relies on two facts: first that the partition function of a theory without gapless
excitations must be a local functional of the background fields; therefore, the effective action
is local. Second that this effective action must reproduce the anomalies of the microscopic
theory. We will later discuss some methods of consistently gapping an anomalous theory,
and discuss the implications of global anomalies for the effective action describing the IR
theory. Since the consequences of perturbative anomalies are well studied, we will henceforth
assume that either perturbative anomalies are absent, or that they have been matched via
other terms in the effective action.
It is important to note that, essentially by definition, the existence of an anomaly prevents
the generation of a gap using interactions that preserve all the symmetries of the theory.
This follows from the preceding argument because the low-energy effective action would have
to both reproduce the anomaly and be simultaneously local. However, we know that there
is no local counter-term that can remove the effect of the anomaly, while simultaneously
preserving all other symmetries. This proves that gapping the spectrum of an anomalous
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theory requires some breaking of symmetries.
In this work, we primarily consider the thermal partition function of fermions in space-
time dimension d. In the high temperature, or equivalently low energy limit, the thermal
circle cannot be resolved and the theory is effectively defined on d−1 dimensions. The anti-
periodic boundary conditions imposed on the fermions produces a mass gap proportional to
the temperature so from an effective field theory (EFT) perspective, the theory is gapped.
Hence the effective action must be a local functional of the background fields. In cases where
the microscopic theory is anomalous, the EFT must reproduce the anomaly. However, since
the gap is generated by breaking the d-dimensional rotational symmetry, we can circumvent
the inability of a local counter-term to reproduce the anomaly. We do not claim that this
is the only mechanism that can generate a gap, but any other mechanism must break some
symmetry in a similar fashion.
In the remainder of this section we describe some of the restrictions and features of our
approach.
I. Global symmetry transformations must be compatible with the EFT
Since we are interested in matching anomalies using local functionals, it is crucial that we
analyze the system below the scale of the gap. For example, if the gap is generated by
thermal boundary conditions, we can only study background fields that carry energy less
than the temperature.
It is therefore crucial that the global transformations we consider and the reduction to
an EFT be mutually compatible. For example in 2 dimensions, the group of large diffeo-
morphisms of a torus is the modular group SL(2,Z) generated by transformations T and S.
These generators act by sending,
T : (x, t)→ (x, t+ x), S : (x, t)→ (t,−x), (2.1)
respectively. We have taken canonical periodicities for the torus coordinates:
(x, t) ∼ (x, t) + 2pi(n,m) n,m ∈ Z. (2.2)
Consider a Weyl fermion with thermal boundary conditions in the time direction. We want
to reduce along t to get a 1-dimensional effective field theory. The only large diffeomor-
phisms compatible with this reduction are transformations which are t-independent. Such
transformations preserve the condition that the background data carry energy small com-
pared to the scale of the gap. It is easy to see that this condition is respected by the T
transformation. We therefore expect to capture an anomaly under the T transformation by
a local functional. However since S exchanges x and t, it does not preserve the region of
validity of the EFT; hence there is no reason to expect that an anomaly under S would be
captured by a local functional of the metric.
II. Certain correlators compute global anomalies
Once we know that the global anomaly must be matched using a functional of the background
fields, we can determine various coefficients in the effective action through anomaly matching.
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For example, in the next section we will see that the chiral vortical effect coefficient can be
fixed once we determine the 4-dimensional anomaly.
However, we can also reverse the argument and use the preceding line of reasoning to
predict and compute certain global anomalies via correlation functions. This computation
follows the standard EFT procedure. We write down all possible terms which preserve the
symmetries of the IR theory, do not produce any perturbative anomalies, and yet are not
invariant under global transformations. An example of such term is
∫
a ∧ dA, which is a
special case of (1.2). The requirement of being invariant under perturbative but not global
transformations is very restrictive in general. Typically, there are only a few terms that
can produce global anomalies. We can therefore compute the anomaly by calculating the
related correlation function; for example, in the case of
∫
a ∧ dA we would calculate the
stress-tensor/current correlator 〈T txJy〉. This is the same correlator that is responsible for
the finite temperature CVE [12]. We stress again that the only global anomalies computable
this way are those generated by transformations compatible with the EFT reduction.
III. Global anomalies and the η invariant
In his original discussion, Witten related the global gravitational anomaly to the η invariant
of a mapping torus constructed from the transformation under consideration [11]. Here we
give a brief review of this method keeping in mind that unlike [11], many of the cases with
which we are concerned also possess a perturbative anomaly. This will lead to situations
where the η invariant is not purely a topological number. Indeed, in order to extract a
meaningful number, we need to subtract the contribution of an associated Chern-Simons
term, which can be interpreted as removing the perturbative anomaly via a Green-Schwarz
mechanism.
The general method goes as follows: take a compact even-dimensional (d = 2n) manifold
M endowed with a metric gµν and a possible gauge-field Aµ. We are interested in the change
of the partition function under a symmetry transformation pi : gµν → g
(pi)
µν , Aµ → A
(pi)
µ . To
calculate this change, we construct interpolating metrics and gauge-fields
gµν(y) = (1− y) gµν + y g
(pi)
µν , Aµ(y) = (1− y)Aµ + y A
(pi)
µ , (2.3)
which go smoothly between the background fields and their transformations under pi. We
then construct a higher dimensional manifold by promoting the parameter y to a coordinate
with metric:
ds2 = dy2 + gµν(y)dx
µdxν . (2.4)
We also trivially extend the gauge field into the bulk. The manifold at y = 0 is identified
with the manifold at y = 1 resulting in a compact space called the mapping torus for the
transformation pi. We will denote the mapping torus by Σ. Let us specialize to the case of
a Weyl fermion ψ. The change of the partition function under the transformation pi is given
by a phase η:
Z(gµν , Aµ)→ Z(g
(pi)
µν , A
(pi)
µ ) = e
ipiηZ(gµν , Aµ). (2.5)
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The η parameter is defined as a regulated sum of the signs of the eigenvalues of the Dirac
operator defined on Σ,
/Dψ = λψ, η =
∑
λ
sign (λ). (2.6)
The direct computation of the η-invariant is possible, but can be challenging because of the
boundary conditions imposed on the mapping torus along the y circle. However, there is a
simpler way to compute η using index theory. Specifically, by studying the Atiyah-Patodi-
Singer (APS) index theorem applied to the spin complex [13]. Assume that the mapping
torus Σ is the boundary of some d+2 dimensional manifold X , and that the Dirac operator
extends to an operator /DX on X . The index of the Dirac operator on X with APS boundary
conditions is given by:
Ind( /DX) =
∫
X
Â(X) ∧ ch(V ) +
∫
Σ
CS −
1
2
η. (2.7)
where
∫
CS denotes a Chern-Simons term that removes the dependence of the right hand
side on the choice of embedding of the boundary. Note that the η invariant defined by (2.5)
determines the phase of the partition function under both small and large symmetry transfor-
mations. If a perturbative anomaly is present in the fermionic path integral, but is removed
from the theory using a Green-Schwarz mechanism, one would have to subtract a Chern-
Simons contribution from η to find the topological number that purely reflects the effect of
the global transformation.1 We give an example of this calculation in appendix A.
Note that the details of the computation of the global anomaly are not crucial for our dis-
cussion. In each case we consider, the theory can be dimensionally reduced to 2 dimensions,
where the effects of global transformations are well known. It is worth iterating that the η in-
variant appearing in the index formula is related to topological data of a higher-dimensional
auxiliary manifold. However in the cases we study, the η invariant will also appear as the
coefficient of a local functional in an effective action, computable from correlation functions.
IV. Reciprocity of mixed anomalies
A consequence of descent relations for perturbative anomalies is that if there are terms in
the anomaly polynomial which mix gauge and gravitational curvatures, there will be mixed
perturbative anomalies: a gravitational anomaly in the presence of a gauge background as
well as a gauge anomaly in the presence of a gravitational background. Consistency would
then require that one cannot exist without the other. We call this property reciprocity of
mixed anomalies.
Since global anomalies are also derived from the anomaly polynomial using index the-
ory, one might expect that a similar consistency condition should also hold for mixed global
anomalies. However, this analysis is more complicated for two reasons. First, the presence
of large transformations depends on the structure of the group of gauge transformations and
1In other words, the η invariant is not topological but the difference of the η invariant and the Chern-
Simons term is indeed topological since it is invariant under small deformations of the metric and gauge
field.
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diffeomorphisms. For example, we might consider a space that admits large diffeomorphisms
but a gauge group that admits no large gauge transformations. There is no possible reci-
procity of global anomalies in such a case. Second, the derivation of the global anomaly from
the mapping torus breaks the symmetry between the two sectors.
However, in special cases where both sectors allow large transformations, one can see
that a reciprocity property is required by consistency. We will encounter one such example
in section 3.3. As we will see, from the effective field theory perspective, this reciprocity
property is manifest, since the change of the partition function comes from the variation of
a single term in the effective action.
V. Decompactification limit
In the derivation of the effective action, we have assumed that the spatial manifold is com-
pact with a non-trivial modular group. A simple example would be a 3-torus denoted T 3.
However, thermal partition functions of interest are usually defined on R3 × S1. Therefore,
in order to make contact with physics in the real world, we should decompactify the T 3 and
show that our conclusions about the effective action survive. A short argument shows that
this is indeed the case. Take the size of the thermal circle to be β and the size of the spatial
manifold to be set by L. We are interested in the limit that the wavelength of perturbations
λ satisfies β << λ << L.
Now we analyze the problem via a Wilsonian renormalization perspective. In order to
derive the effective action, we have integrated out short length scale degrees of freedom that
are much smaller than λ. These short length scale degrees of freedom do not carry any
information about the large scale properties of the system. In particular they do not know
about the topology of the spatial manifold. They do, however, know about the boundary
conditions of the temporal circle which is small. This argument implies that if we scale
up the size of the spatial manifold, we would find the same effective action; hence the
decompactification limit is continuous. We show explicitly that this continuity is true for
the special cases of 2 and 4 dimensions in the following section.
3 Examples
In this section we give some examples to illustrate the various points of our approach. We
start with the case of Weyl fermions in two dimensions and generalize to higher-dimensional
cases. Almost all our higher-dimensional examples can be derived from the two-dimensional
case via dimensional reduction and the use of index theorems.
3.1 Weyl Fermions in 2D
The anomaly properties of Weyl fermions in 2D are well studied. In particular the modular
properties on a torus are well known. Since there are no mixed anomalies in 2 dimensions,
we will only concern ourselves with global gravitational anomalies and set any gauge fields
to zero. The case of a pure gauge anomaly would be discussed similarly.
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We want to analyze the consequences of global anomalies in the low energy limit after
gapping the system. As discussed in the previous section, one way of introducing a gap
consistently is to look at the thermal partition function, i.e. define the system on R×S1 and
impose anti-periodic boundary conditions along the circle direction. This would ensure that
there are no zero modes in the system and the lowest lying excitation has energy proportional
to the inverse size of the circle (i.e., the temperature β−1 for a thermal partition function).
Therefore, at energy scales below the gap, the effective action will be local. In the following
discussion, we will first compactify the spatial direction and consider the torus partition
function. At the end, we will take the decompactification limit.
To be concrete, define the system on a torus parametrized by (t, x) with metric:
ds2 = e2σ(x) (dt+ a(x)dx)2 + dx2. (3.1)
We impose anti-periodic boundary conditions along the t circle.2 We take the t circle to have
periodicity β and x to have periodicity L. It is important to note that all the background
fields are t-independent. Indeed any t-dependence would introduce energies of the scale β−1
for which we have no reason to expect the theory to be local.
The group of large diffeomorphisms of the torus is SL(2,Z) generated by transformations
T : (x, t)→
(
x, t+
βx
L
)
, S : (x, t)→ (t,−x). (3.2)
Of these two transformations, only the T transformation is compatible with the form of our
metric (3.1) and the transformation which sends a(x) → a(x) + β
L
. The S transformation
would introduce high energy modes and would drive the system out of the regime of validity
of the local effective action.
Therefore the goal of this section is first to derive the transformation properties of the
partition function under the T transformation, and then to derive a local effective action
that can reproduce this transformation in the low energy limit. Before proceeding, we will
give a short review of perturbative and global anomalies.
Anomalies
Before considering global properties of the system, let us review the perturbative anomalies.
We consider a theory of Weyl fermions with different chiralities defined on a space with
metric gµν . Such a theory has a gravitational anomaly that is given via descent equations
from the 4-dimensional anomaly polynomial:
Panom[F,R] = cg tr(R ∧R). (3.3)
The coefficient cg is the pure gravitational anomaly given by,
cg =−
1
96pi
∑
i
χi, (3.4)
2Strictly speaking, in this case anti-periodic boundary conditions are not required to arrive at a local
action that reproduces the global anomaly. We will comment on this later in the section.
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where χi = ±1 denotes the chirality of the particles. We take the convention that right-
handed fermions have positive chirality. The contribution of a Majorana-Weyl fermion would
be 1
2
of a Weyl fermion in this sum. If the theory is conformal, this sum simplifies
cg =−
1
96pi
(cR − cL), (3.5)
where (cR, cL) are the central charges of the right and left sectors, respectively. The anomaly
polynomial is the exterior derivative of 3-dimensional Chern-Simons couplings,
ICS = cg
∫
(ω ∧ dω +
2
3
ω ∧ ω ∧ ω). (3.6)
A gauge variation of ICS on a 3-manifold is necessarily a total derivative. If the 3-manifold
has a boundary supporting our 2-dimensional fields then the gauge variation of (3.6) gives
the anomalous variation.
The η invariant computed on the mapping torus associated to the gauge transformation
under consideration has a topological contribution, corresponding to any global anomaly, as
well as a Chern-Simons contribution, corresponding precisely to the local anomaly. Since we
are interested in the global anomaly contribution, we will need to subtract this Chern-Simons
contribution from the η parameter calculation. An explicit derivation of the global anomaly
from the mapping torus is provided in appendix A.
Modular properties on a torus
We wish to analyze the transformation properties of our system under the T transformation,
which sends (x, t)→
(
x, t + βx
L
)
. For simplicity, we take the metric (3.1) with σ = 0,
ds2 = (dt+ a(x)dx)2 + dx2. (3.7)
We have a choice of spin structure along both the t and x directions. Let us denote this
choice with a square whose vertical axis is t and whose horizontal axis is x. For example
A
P
denotes the partition function of the system with anti-periodic boundary condition in
the t direction and periodic boundary condition along the x direction.3
The T transformation of the various spin structures are well-known [14], with a direct
calculation of these phases provided in appendix A:
A
A
→ e−
ipi
24 A
P
, A
P
→ e−
ipi
24 A
A
,
P
A
→ e
ipi
12 P
A
. (3.8)
3This notation is similar to standard notation in string theory; see, for example [14], except we have
flipped the roles of x and t in anticipation of the generalization to higher dimensions.
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Note that partition function for P
P
= 0 because of the presence of a fermionic zero mode.
We want to sum over a combination of spin structures that are left invariant under the
T transformation. So we can pick either P
A
, which corresponds to an insertion of (−1)F ,
or A
A
+ A
P
, which is a thermal partition function that sums over both periodicities in
the spatial direction. We can also look at the transformation T 2, which leaves all boundary
conditions invariant. This has the added advantage of allowing us to analyze each structure
individually. Under T 2,
A
A
→ e−
ipi
12 A
A
, A
P
→ e−
ipi
12 A
P
,
P
A
→ e
ipi
6 P
A
, (3.9)
and the field a→ a + 2β
L
.
The effective action
We can now read off which terms are needed in the effective action in order to reproduce
the T 2 transformation of these different sectors. We first consider the sectors which are
anti-periodic in time. We iterate that we are working at energy scales much smaller than
the temperature (length scales much larger than the t circle size β) and the IR theory is 1-
dimensional. The effective action must therefore be a local 1D functional of the background
fields; here the only non-zero field is a(x). Since the perturbative anomaly vanishes in this
flat background, we need to classify all the possible terms in the effective action which are
invariant under small, but not large diffeomorphisms.
There is only one such term, which is the 1-dimensional Chern-Simons term
∫
a. Match-
ing the variations of the action, we see that the coefficient is fixed to be:
Seff = β
−1 ipi
24
∫
a. (3.10)
The presence of this term is required to match the global anomaly.4
The Chern-Simon’s coupling (3.10) is unusual because it involves a naked graviphoton.
This should be contrasted with the usual gravitational Chern-Simons term, which is defined
in terms of the spin connection. The spin connection is already suppressed by 1 momentum
relative to the graviphoton. The appearance of this unusual term provides an alternate way
4We note that this term was considered in [15]. By looking at the theory on manifolds with conical
singularities and assuming continuity in the flat limit, [15] argued that the coefficient can be related to a
perturbative gravitational anomaly. From our argument, we see that this is not always the case because it
is possible to have a theory with no perturbative gravitational anomaly, but with a non-zero coefficient for∫
a.
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of computing the global anomaly in terms of a correlation function. From the metric we see
that,
δa = δgtx + δgxt + 2aδgxx, (3.11)
where we have not imposed symmetry in the indices in taking the variation. This means we
can relate the global anomaly to the expectation value of the stress tensor 〈T tx + a T xx〉. In
particular for a diagonal background metric, the global anomaly under T is given by
〈T tx〉gµν=δµν .
Instead of computing the change of the partition function under a large diffeomorphism, we
can deduce the existence and value of the global anomaly for T by looking at this correlation
function.
Finally, we look at the sector with periodic boundary conditions along the t circle. At
length scales much larger than β, that is from the 1-dimensional perspective, this theory is
not gapped; the fermion has a Kaluza-Klein zero mode ψ0. Therefore, we do not expect our
general methodology to hold in this case. However, ψ0 has zero Kaluza-Klein momentum
which implies that it is not charged under the graviphoton a. Since we are interested in the
large diffeomorphisms that take a→ a+ β
L
, we do not expect this zero mode to contribute.
Stated another way, the zero KK momentum sector of the dimensional reduction of the 2-
dimensional fermion, ψ, is invariant under these transformations. We therefore expect the
action to factorize into a sum of two terms: one that knows about the background field a
and another piece with the zero winding. Again matching the global anomaly gives:
Seff = −β
−1 ipi
12
∫
a+ S(ψ0). (3.12)
For non-vanishing partition functions, we can again compute the global anomaly in this
sector using the same correlators as before.
Decompactification limit
It is important to note that although our arguments for matching global anomalies hold
for compact spaces, we can still derive non-trivial results by taking the decompactification
limit and using continuity. For example, the thermal partition function of a Weyl fermion on
S1×R can be obtained from the large spatial circle limit of the T 2 case discussed above. The
coefficient of the Chern-Simons coupling cannot change as we smoothly decompactify since
it must reproduce the global anomaly. We therefore expect the same quantization argument
survives this limit.
Indeed, we can verify that this is true by a direct computation of the stress-tensor cor-
relator on S1 × R. We expect to find 〈T 01〉 = − ipi
12
1
β2
for a Weyl fermion with odd spin
structure. This is a free-field computation of the Euclidean partition function,
Z =
∫
Dψ¯Dψe−S. (3.13)
10
Figure 1: The 1-point stress correlator which gives the global diffeomorphism anomaly.
If we put the theory on a background metric gµν = ηµν + hµν and expand the action up to
first order in hµν we have:
S =
∫
dt dx
(
iψ¯✓∂ψ −
1
2
hµνT
µν +O(h2)
)
=
∫
dt dx
(
iψ¯✓∂ψ − h01T
01 + . . .
)
. (3.14)
We are interested in evaluating:
δZ
δa
∣∣∣
a=0
= −
δZ
δh01
∣∣∣
h01=0
= 〈T 01〉.
As usual, ψ can be decomposed into holomorphic and anti-holomorphic pieces with respect
to z = x + it. The diagram in question is shown in figure 1. To calculate, we first mode
expand:
ψ(t, x) = e2piin
t
βψn(x), n ∈ Z+
1
2
. (3.15)
In terms of gamma matrices {γa, γb} = 2δab, the propagator becomes
1
✁p
=
pxγ
1 + 2pi n
β
γ0
(px)
2 + 4pi2 n
2
β2
. (3.16)
The stress-tensor insertion becomes T 01 = (1
2
γ0px +
n
β
piγ1)
1− γ5
2
for a single holomorphic
component. Hence the contribution of each mode is given by,〈1− γ5
2
T 01n
〉
= −
∫
dpx
2pi
Tr
[
pxγ
1 + 2pi(n/β)γ0
px2 + 4pi2(n2/β2)
(
1
2
γ0px +
n
β
piγ1
)
1− γ5
2
]
,
= −2ipi
n2
β2
∫
dp
1
p2 + 4pi2(n2/β2)
= −ipi
|n|
β
, (3.17)
where we used the relation from dimensional regularization relating∫
ddl
(2pi)d
l2
l2 +∆
= −∆
∫
ddl
(2pi)d
1
l2 +∆
.
We now sum the contributions from all the modes,
1
β
∑
n∈Z+ 1
2
−ipi
|n|
β
= −
2ipi
β2
∑
n= 1
2
n = −
ipi
12β2
, (3.18)
which confirms our expectation.
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3.2 Dirac fermions in 3D
In this section we analyze the case of Dirac fermions on 3-dimensional manifolds constructed
from a T 3, which can include non-orientable spaces. We will closely follow the recent dis-
cussion of [16]. From T 3, we can construct non-orientable spaces by using twisted boundary
conditions. A T 3 has 6 metric moduli. We parametrize the moduli by 3 radii (Rx, Ry, Rt)
and 3 angles (α, β, γ), which are angles between the x− t, x− y and y− t directions, respec-
tively. The 3-torus has an SL(3,Z) modular group. We will shortly quotient by a parity
operation P : y → −y to produce spaces like S1 × K, where K is the Klein bottle. The
parameters β and γ are odd under this action so we will set them to zero. The T 3 metric
then takes the simpler form,
ds2 = R2t (dt+ αdx)
2 +R2xdx
2 +R2ydy
2. (3.19)
Permitting a parity twist on T 3, we can consider fermions satisfying twisted boundary con-
ditions
ψ(t, x+ 2pi, y) = (−1)2axψ(t, x, (−1)2bxy), ψ(t, x, y + 2pi) = (−1)2ayψ(t, x, (−1)2byy),
ψ(t + 2pi, x− 2piα, y) = (−1)2atψ(t, x, (−1)2bty), (3.20)
where each ai and bi can be 0 or
1
2
. Of the full modular group for T 3, only an SL(2,Z)
modular subgroup survives generated by
U =


0 1 0
−1 0 0
0 0 1

 , V =


1 1 0
0 1 0
0 0 1

 . (3.21)
These transformations correspond to S and T of the 2 torus with coordinates (t, x). It is
easy to see that under V , the parameter α → α + 1. As in the preceding discussion, only
the T transformation can be followed using our effective action reduction.
We first review the modular properties of this theory following [16].5 We then discuss
implications of these modular properties for the thermal partition function. This again leads
to a prescription for calculating the anomaly via a correlation function.
Sectors
Since the background is a T 3, the theory has 64 sectors labeled by the choice of (ai, bi)
defined in (3.20). In [16], two choices of boundary condition in the y direction were analyzed:
(ay = 0, by = 0) and (ay =
1
2
, by = 0). These two choices are each separately invariant under
the SL(2,Z) modular group. The case(ay =
1
2
, by = 0) does not have an anomaly under a
T transformation, hence there will be no term in the effective action that is not invariant
under T . We therefore specialize to the case (ay = 0, by = 0).
5Note that compared to [16], our notation has x and t reversed to match the notation used in the rest of
the paper.
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The remaining choices for the boundary conditions in x and t are divided into 4 subsectors
with partition functions χi to χiv. The superscript labels refer to the following boundary
conditions,
i :
(
bt = 0, bx = 0
)
, ii :
(
bt = 0, bx =
1
2
)
,
iii :
(
bt =
1
2
, bx = 0
)
, iv :
(
bt =
1
2
, bx =
1
2
)
. (3.22)
Each subsector is still characterized by a choice of (at, ax) so we denote the corresponding
partition functions by χn[at,ax]. We are interested in the change of these partition functions
under the T−2 transformation.
The partition functions in these sectors are given explicitly by a free-field computa-
tion [16],
χi[at,ax] = A
R
[at,ax]
AL[at,ax]Θ
i
[at,ax]
, χii[at,ax] = A
R
[at,ax]
AL
[at,ax−
1
2
]
Θii[at,2ax],
χiii[at,ax] = A
R
[at,ax]
AL
[at−
1
2
,ax]
Θiii[2at,ax], χ
iv
[at,ax]
= AR[at,ax]A
L
[at−
1
2
,ax−
1
2
]
Θiv[2at,ax−at], (3.23)
where the Θn are sums of massive Θ functions with masses given by the boundary condition
for each sector; we have used their periodicity property:
Θ[a+n,b+m] = Θ[a,b], m, n ∈ Z. (3.24)
The A functions are the partition functions of a 2D chiral fermion. In terms of the 2D
modular parameter τ , these partition functions have the following properties:
AL[a,b](τ) = (A
R
[a,b](τ))
∗,
AR[a,b](τ) = A
R
[a+1,b](τ) = e
−2pii(a−1/2)AR[a,b+1](τ),
AR[a,b](τ + 1) = e
−pii(a2−1/6)AR[a,b+a](τ), (3.25)
AR[a,b](−1/τ) = e
2pii(a−1/2)(b−1/2)AR[−b,a](τ).
We summarize the transformation properties of the Θn functions. Under T−1,
Θi[at,ax] → Θ
i
[at,at+ax], Θ
ii
[at,ax] → Θ
ii
[at,ax], Θ
iii
[at,ax] → Θ
iv
[at,ax], Θ
iv
[at,ax] → Θ
iii
[at,at+ax]
AR[at,ax] → e
−pii(a2t−1/6)AR[at,at+ax], A
L
[at,ax] → e
pii(a2t−1/6)AL[at,at+ax]. (3.26)
Following the logic of our prior discussion, we study T−2 which leaves the spin structure
of each sector invariant. It is clear from (3.26) that any phase picked up under T−2 must
come from the transformation of the A functions, i.e. from the zero modes. Looking at
equation (3.25), we see that the phase only depends on the first index of A[at,ax], i.e. at.
This implies that in (3.23), the only partition functions that have a chance at generating a
phase need a mismatch in the first index of AR compared with AL. This is reminiscent of
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the requirement of level matching in 2-dimensional CFTs. The only sectors with an anomaly
under T−2 are therefore χiii and χiv:
χiii,iv[at,ax] −→


iχiii,iv[at,ax] at = 0
−iχiii,iv[at,ax] at =
1
2
.
(3.27)
Effective action
The transformations of the partition function under the large diffeomorphism T−2 given
by (3.27) must be matched by a local effective action in a gapped theory. To proceed we
promote the coefficient α to a field a(x) and reduce the theory on the time circle. However,
we immediately encounter a problem. There is no local 2-dimensional action that is both
invariant under local diffeomorphisms and can reproduce the global anomaly. From the
perspective of the EFT, this is simply because after a reduction along the time circle, the
2-dimensional theory is still not gapped. To see this, we note that the sectors that are
not invariant under the action of T 2, i.e. χiii and χiv, are the sectors that have a twisted
boundary condition along the time direction, bt = 1/2. These sectors have modes with zero
momentum along the time direction regardless of the choice of at. As an example, in the
sector with ax = bx = 0, it is easy to check that the function ψ(t, x, y) = sign(y)
2atφ(y)
satisfies the boundary conditions (3.20) for φ(y) even in y. Therefore, even if we impose
twisted anti-periodic boundary conditions, the gap that is generated is of order 1/Ry as
opposed to 1/Rt.
In order to derive a gapped effective action, we must therefore work at scales λ which not
only satisfy λ >> Rt but also λ >> Ry. This would imply that we are effectively looking
at a 1-dimensional action. Indeed, in one dimension, we can write down an effective action
which correctly reproduces the phase factors appearing in (3.27):
S = (−1)2at
ipi
4
∫
a. (3.28)
As an immediate consequence of (3.28), we see that it is possible to derive the anomaly
under the T transformation from a stress-tensor 1-point function.
3.3 Weyl fermions in 4D and higher
In this section we look at the global anomaly properties of Weyl fermions in 4D in the
presence of a background U(1) gauge field Aµ. In [10], one of us conjectured that the factor
of 1
12
in the coefficient of the chiral vortical effect is the sign of a global anomaly. Here
we prove that this is in fact the case and show that global anomaly considerations fix this
coefficient mod 2.
Similar to our other examples, we wish to derive a local effective action by considering
the system on a thermal circle. At large temperature, the theory is effectively 3-dimensional
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and gapped. In order to have non-trivial but simple global transformations, we define the
system on M = T 2 ×X2 where X2 is a compact 2-dimensional manifold with metric
ds2 =
(
dt+ ai(x)dx
i
)2
+ ds2X , (3.29)
and ds2X is the line element on X2. We treat the T
2 in the same manner as the 2-dimensional
case discussed above. Again there is an SL(2,Z) associated to the modular group of T 2, and
again we restrict to the T transformation which preserves the effective field theory limit.
Global gravitational anomaly
We again consider the change of the partition function under the T transformation: t→ t+x,
ax → ax+
β
L
. This time, however, we do so in the presence of some U(1) flux on the compact
manifold X2. It is straightforward to compute the anomaly using the η-invariant and its
relationship to a 6-dimensional index theorem, similar to the 2-dimensional case presented
in appendix A. However, here we will use a simpler approach.
The crucial observation is that our global transformation leaves X2 invariant, hence we
can reduce the theory to T 2. Since massive Dirac fermions do not contribute to the global
anomaly, we only need to consider any chiral zero modes that arise from this reduction.
These are given by the 2D Atiyah-Singer index theorem for the manifold X2:
ν = ν− − ν+ = Nφ =
1
2pi
∫
X2
F. (3.30)
Reducing to 2 dimensions, we find a net ν chiral zero modes. Hence the phase produced by a
T transformation is equal to the phase of a single chiral mode in 2D, given by pi
24
, multiplied
by the number of zero modes ν. We conclude that
Seff → Seff +
ipi
24
Nφ. (3.31)
This needs to be reproduced in the effective action by a local term. We therefore list all the
local terms that are local functionals of the background fields and have 3D Lorentz invariance.
Since we assume there are no perturbative anomalies, or that any perturbative anomalies
have been matched by other terms, these local terms have to be invariant under perturbative
diffeomorphisms and gauge transformations. There is only one such term:
∫
a ∧ dA, where
we have defined Ai = Ai − A0 ai so that Ai and ai are independent U(1) connections [6].
Matching the coefficient of this term with the global anomaly gives,
Seff =
i
12× 4pi
∫
a ∧ dA, (3.32)
which is the calculated effective action for the chiral vorticity effect, a potentially physically
measurable phenomenon where a chiral current is induced in the direction of vorticity in a
fluid.
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Global gauge anomaly
We might ask what (3.32) implies for situations where we turn on a graviphoton flux com-
patible with the fermion spin structure. Whether this is possible is subtle because the
graviphoton flux changes the topology of the 4-dimensional space.6 Let us assume this is
possible.
Equation (3.32) then implies that Seff is also not invariant under large gauge transforma-
tions in the presence of graviphoton flux. This might seem counter-intuitive because (3.32)
is a function of dA, which is gauge invariant. However, we point out that when there is a
flux in a, the fields need to be defined in patches with transition functions in the overlap
regions and these transition functions are not gauge invariant [17]. A careful computation
reveals,
A → A+ 2pi, Seff → Seff +
i
24
∫
da. (3.33)
Note that this is the same result we would find by naively integrating the Chern-Simons
term by parts, ignoring boundary and transition terms.
Since it is not possible to write down a term in the effective action which would induce
a global gravitational anomaly without a possible global gauge anomaly and vice-versa, we
conclude that the presence of one requires the presence of the other. This is the reciprocity
property of mixed anomalies which can also be seen, albeit less directly, from the computation
of the η invariant for the two transformations; see appendix B.
Higher dimensions
From the 4-dimensional derivation, it is easy to see how to generalize to higher dimensions.
Consider a Weyl fermion on a d-dimensional manifold Md = T
2 × Xd−2. We can reduce
the theory on Xd−2 to get an effective 2-dimensional chiral theory on T
2. Again the number
of chiral modes is determined by index theory on Xd−2. This reduction suggests that the
anomalous terms in the thermal effective action take the form,
Seff =
∫
S1×Xd−2
a ∧ Â(Xd−2) ∧ ch(V ), (3.34)
where a is the graviphoton as before and V is the gauge bundle, which was U(1) in our prior
discussion. For example in 6 dimensions we would find,
S6D =
∫
a ∧
{
1
24× 8pi2
Tr(R ∧R)−
1
8pi2
Tr(F ∧ F )
}
, (3.35)
with analogous expressions in higher dimension.
6As an example of this subtlety, consider the case of R3 × S1. Topologically non-trivial choices for the
graviphoton correspond to replacing the boundary at infinity, S1 × S2, with a Hopf fibration of S1 over S2.
The non-trivial topological choices correspond to a choice of magnetic charge captured by the first Chern
class of the graviphoton gauge bundle. The Taub-NUT manifold is an example of this type. The non-trivial
topology at infinity has the effect of trivializing pi1 for the space, allowing the circle to unwind.
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A Global gravitational anomaly in 2D
The modular properties of Majorana-Weyl fermions on 2-dimensional tori are well studied.
Here we will recount the derivation of the change of the action under a T transformation
from the perspective of the η invariant calculation for the case of periodic boundary condition
along the time direction.7 We start with the metric,
ds2 = (dt+ a(x)dx)2 + dx2, (A.1)
with periodicities t ∼ t+β, x ∼ x+L. We note that all curvatures vanish in this background
and hence there is no perturbative anomaly. The large diffeomorphism of interest takes
a(x)→ a(x) + β
L
. We therefore construct the mapping torus Σ with metric,
ds2 = dy2 +
(
dt+
[
a(x) +
βy
L
]
dx
)2
+ dx2, (A.2)
where the y coordinate interpolates between the original torus and the torus with shifted
modular parameter. Finally, we have the identification
(t, x, y) ∼ (t−
βx
L
, x, y + 1), (A.3)
of the torus at y = 0 with its image under the large diffeomorphism at y = 1. We need to
calculate the η invariant on this manifold. This can been done directly via the computation
of the eigenvalues of the Dirac operator [18] but here we will use the APS index theorem.
To proceed, we must find a 4-dimensional manifold X with the mapping torus Σ as its
boundary, ∂X = Σ. Since Σ is topologically a 3-torus, X can be constructed by filling in any
of the circles of Σ. However, it is not possible to fill in either the x or the y circles because
neither choice is consistent with the boundary conditions imposed at y = 0 and y = 1. We
therefore proceed by filling in the t circle,8
ds2 = dr2 + dy2 + f(r)2
(
dt2 +
[
a(x) +
βy
L
]
dx
)2
+ dx2, (A.4)
where r ranges from 0 to 1, and f(r) is a radial function that must be linear at r = 0 to
avoid a conical singularity. In order to avoid extraneous factors, we also assume that the
periodicity of the t direction is 2pi.
The APS index theorem for the spin complex of a 4-dimensional manifold reads,
Ind( /D) =
1
24× 8pi2
∫
X
Tr (R ∧R)−
1
24× 8pi2
∫
Σ
Tr (θ ∧ R)−
η
2
, (A.5)
where θab is the second fundamental form given by the difference of the spin connection ω
a
b
derived from the metric (A.4), and the spin connection coming from the product metric at
7This choice is dictated to us by topological considerations when constructing the 4-dimensional manifold.
8Note that this restricts the boundary conditions imposed on the fermion along the time circle since the
spin structure of the manifold must be extendible to X .
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the boundary (ω0)
a
b. Since η is only defined mod 2, we can calculate the remaining terms
on the right hand side of (A.5) and determine η by demanding integrality of the index on a
compact space. We see via direct computation on this background that:
Ind( /D) =
1
24
−
pi2
12
f(1)4
L2
−
η
2
. (A.6)
We see that there is a contribution to the index which is not purely topological and depends
on various size factors; namely, the size of the x-circle as well as volume of the 2-torus.
However, we notice that this is exactly the contribution of the 3-dimensional gravitational
Chern-Simons term:
1
24× 8pi2
∫
Σ
(
ω(3) d ω(3) +
2
3
ω(3)
3
)
=
pi2
12
f(1)4
L2
,
where ω(3) is the intrinsic spin connection on the 3-dimensional manifold Σ. We therefore
conclude that:
η =
1
12
+
1
96 pi2
∫
Σ
(
ω(3) d ω(3) +
2
3
ω(3)
3
)
. (A.7)
As expected, the difference between η and the Chern-Simons term is a topological invariant
and gives the modular transformation of the 2D Weyl fermion.
B Reciprocity and global anomalies
In the example discussed in section 3.3, we saw that a study of the effective action implied
that a global gravitational anomaly in background magnetic flux requires a reciprocal global
gauge anomaly in gravitational flux. In this section, we describe how this happens in the
computation of global anomalies using the η invariant.
We work with the manifold discussed in section 3.3, where M = T 2 × X2. Here, for
simplicity we take the two-dimensional compact manifold X2 to also be a torus. As in
section 3.3, we thread one quantum of magnetic flux through X2. We take the periodicities
of all circles to be 2pi. The background fields are,
ds2 = (dt+ a(x)dx)2 + dx2 + dy2 + dz2, Az = y, (B.1)
with other components of the gauge field equal to zero. We consider the large diffeomorphism
t → t + x. For this transformation, we construct the mapping torus Σ. We denote the
interpolating coordinate by r which runs from 0 to 1. The metric on Σ and the background
gauge-field take the form,
ds2 = dr2 + (dt+ (a(x) + r)dx)2 + dx2 + dy2 + dz2, Az = y. (B.2)
Now the crucial point in the argument is that the mapping torus described in (B.2) can
also be considered as a mapping torus for a large gauge transformation Az → Az + 2pi on a
background:
ds2 = dr2 + (dt+ (a(x) + r)dx)2 + dx2 + dz2, Az = 0. (B.3)
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where now we have a background gravitational flux stored in the gauge field a from the
perspective of the dimensionally-reduced theory. The interpolating coordinate is now y.
Therefore, in this case, the calculation of the global gravitational anomaly in a gauge mag-
netic flux is precisely the same as the calculation of a global gauge anomaly in a gravitational
flux.
Note that not every mapping torus associated to a mixed global anomaly can be in-
terpreted as the mapping torus for two different transformations in this manner. This is
possible in this case because the space is toroidal and the gauge group is U(1). However, if
we take X2 to be S
2, we would no longer be able to interpret Σ as a mapping torus for a
large gauge transformation.
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